The mechanics of the arterial wall is complex, due to its material structure and load conditions, which influence the hemodynamic properties as well as the growth and remodeling process of the cardiovascular system. Arterial remodeling can be found both locally and globally. Local remodeling is typically a result of disease, while global remodeling can be found even for healthy arteries. In this study we have analyzed how elastic and viscoelastic properties differ across 7 locations along the large ovine arteries in 11 sheep. We combined the Kelvin model with experimental measurements of vessel diameter and pressure obtained in-vitro at conditions mimicking the in-vivo dynamics. Elastic and viscoelastic wallproperties were assessed by analyzing values of four model parameters across the 7 locations. To do so we solved an inverse problem, resulting in computed estimates for each of the four parameter values that minimize the residual between the data and the model. We used sensitivity analysis to compute standard errors, and confidence intervals for all model parameters. Results showed that while elastic properties including Young's modulus and the vessel wall thickness varied across locations (smaller arteries were stiffer than larger arteries) viscoelastic relaxation parameters did not differ significantly across locations. We also showed that for all locations, the inclusion of viscoelastic behavior, e.g., using the Kelvin model, is important to capture pressure-area dynamics.
I. INTRODUCTION
The mechanics of the arterial wall is complex, due to its material structure and load conditions, which influence the hemodynamic properties as well as the growth and remodeling process of the cardiovascular system [1] . Remodeling can be found both locally and globally. Local remodeling is often the result of disease, while global remodeling can be found even within healthy subjects. In particular, it is well known that the composition of collagen, smooth muscle, and elastin vary along the vessels. Large arteries are more distensible, thus they are better suited to dampen some of the pulsatile response, while smaller arteries are stiffer, but contain more collagen and smooth muscle fibers allowing them to constrict or dilate to regulate blood flow [2] . One study [3] , which examined wall properties in situ showed that peripheral vessels (in particular femoral and carotid arteries) were stiffer than the abdominal aorta. This was demonstrated experimentally, e.g., [3] , by comparing simultaneous measurements of blood pressure to the relative change in the vessel diameter. They determined the vessel distensibility by calculating the slope of the diameter/pressure curve. While this apparent quantity gives some measure of compliance, it does not provide any detailed information about Young's modulus or viscoelastic properties of the vessel wall, which we will consider by direct analysis of the experimental data using a viscoelastic mathematical model.
Another important observation is that the mechanical properties of arteries are further modified by aging and/or disease (e.g., hypertension or atherosclerosis). In particular responses to hypertension have been studied extensively [2] , [4] , [5] , [6] , [7] , [8] , [9] ). These changes in wall properties occur both locally and globally. Typical local changes can be traced in areas prone to atherosclerosis, whereas global changes can be observed in patients suffering from hypertension or diabetes.
The arterial wall is complex, it contains several distinct layers, and each of these layers (the intima, the media, and the adventitia) play a role in determining the overall mechanics of the wall. Detailed studies of the microscopic mechanics of each of these layers have been described in work by Humphrey [10] and Holzapfel [11] , [12] . These studies showed that the intima, the innermost layer, is a single endothelial cell layer, and ensures that blood does not adhere to the wall. This layer is responsible for some of the local biophysical control mechanisms, but it does not contribute significantly to the passive arterial wall mechanics. Instead, the two outer layers, the media and adventitia, play the most important role in determining mechanical properties of the vessels under physiological flow conditions. The basic components of these layers are smooth muscle cells, elastin, collagen, proteoglycans, nerves, and fibroblasts. Together, these components make the vessels display both elastic and viscoelastic mechanical behavior [2] , [13] , which will be studied in this work.
Improved knowledge of the mechanical properties of the vessel walls can also be used in the design of better fluid dynamics models developed to predict flow and pressure in the systemic arteries. Typically these models need some description of the dynamics of the arterial wall. Thus, if a more advanced viscoelastic wall mechanics model can be developed, it may be of interest to researchers developing fluid dynamic models, particularly if the wall mechanics model can be easily integrated into the fluid solver. At present, most fluid mechanics models (e.g., [14] , [15] , [16] , [17] , [18] , [19] , [20] , [21] , [22] ), assume either that arteries are rigid or exhibit a purely elastic response. While more recent studies [23] , [24] , [25] , [26] , have accounted for viscoelastic properties, they have not incorporated variations in wall properties at different locations in the network. Consequently, a mathematical viscoelastic model considering the regional differences among system arteries remains to be validated.
The goal of this study is to explore how a simple viscoelastic model such as the Kelvin model can be used to predict simultaneous measurements of cross-sectional area and arterial blood pressure from 7 different locations in sheep arteries. In particular, we have studied how the elastic and viscoelastic properties are modified across vessels proximal and distal to the heart. To study this, we have developed a mathematical model that relates blood pressure and cross-sectional area, and validated this model against data obtained from eleven Merino sheep. Using measured pressure data as an input, we used nonlinear optimization to compute viscoelastic model parameters that minimized the difference between computed and measured values of the cross-sectional area. With this optimization we obtained a high coherence between our model and the data and, we demonstrated that the viscoelastic model captures essential features of the data significantly better than a traditional elastic wall model. This study also showed that the elastic moduli change along the vessels, and in particular, we showed that peripheral vessels are more rigid than proximal vessels, while the viscoelastic relaxation times cannot be distinguished across the seven sites. Fig. 1 . Scheme of the studied arterial segments. S1: ascending aorta; S2, S3 and S4: proximal, medial, and distal descending aorta; S5: femoral artery; S6: brachiocephalic trunk; S7: carotid artery.
II. METHODS

A. Experimental methods
1) Surgical preparation and segment's acquisition:
Eleven healthy male Merino sheep, weighing 25 to 35 kg, were included in this study. All protocols were approved by the Research and Development Council of the Universidad de la Republica, and were conducted in accordance with the Guide for the Care and use of Laboratory Animals [27] .
All animals were vaccinated and treated for skin and intestinal parasites. During 30 days before surgery, they were appropriately fed, and assessed for optimal clinical status. General anesthesia was induced with intravenous administration of pentobarbital (35 mg/kg). The respiration was maintained with a positive respirator (Dragger SIMV Polyred 201, Madrid, Spain). Respiratory rate, tidal volume, and the inspired oxygen fraction were adjusted to maintain arterial pCO 2 at 35-45 [mmHg] , pH at 7.35-7.4, and pO 2 above 80 [mmHg].
Eleven arteries, from different regions were selected in order to evaluate their biomechanical properties: carotid, brachiocephalic trunk, ascending aorta, proximal, medial and distal descending aorta, and femoral artery, see Fig. 1 . Arteries were exposed and dissected, and a 6 [cm] length segment of each artery was in situ measured and marked with two suture references in the adventitia. In order to measure the external diameter, a pair of ultrasonic crystals After that, the animals were sacrificed with an intravenous overdose of pentobarbital followed by potassium chloride. The correct position of the ultrasonic crystals was confirmed at necropsy. All procedures were performed like in previous work [2] , [28] , [29] , [30] , [31] , [32] , [33] , [34] , [35] .
2) In vitro studies: The segments were non-traumatically mounted (at in vivo length) in the organ chamber of the circulation mock; immersed and perfused with a thermally regulated (37 o C) and oxygenated Tyrode's solution, with pH equal 7.4, see Fig. 2 . The circulation mock, consisted in polyethylene tubing powered by a pneumatic pump (Jarvik Model 5, Kolff Medical Inc., Salt Lake City, Utah, USA). The pneumatic device was regulated by an air supply machine that allowed adjustments of hemodynamic parameters values and waveforms. More details related to the circulation mock are available in previous articles [28] , [29] , [33] , [34] , [35] , [36] . [Hz] frequency response, Konigsberg Instruments, Inc., Pasadena, CA, USA), inserted in each artery through a little incision. Pressure sensors were previously calibrated using a mercury manometer. To avoid signals interference, the pressure sensor was inserted 2 [mm] proximal to the diameter crystals [31] , a distance carefully measured, taking into account its importance for an adequate signal analysis [31] , [37] . Finally, a non-constricting ultrasonic perivascular flow probe (Model T206, Transonic Systems Inc., Ithaca, NY, USA) was positioned around each artery. The technique described has been used by members of our group both in in vivo [2] , [30] , [31] , [32] and in vitro studies [28] , [29] , [33] , [34] , [35] .
Once placed in the organ chamber, the segments were allowed to equilibrate for a period of 10 minutes under a steady state of flow and pressure at a stretching rate of 1.8 [Hz] (108 c.p.m). Then, the segments were submitted to physiological hemodynamic conditions [31] , [32] , [36] [37] [38] . The segments' pressure and diameter signals were displayed in real time, digitized every 5 [ms] and stored for later analysis. Approximately 10 consecutive cardiac cycles were sampled and analyzed.
B. Mathematical Modeling
Two continuum models were used to study the physical behavior of the arterial wall: an elastic model and a viscoelastic model.
Starting with the elastic model, we formulated a stress-strain relation using Hooke's law based on work by Fung [38] , [39] . To determine stress, the artery was idealized as a thin walled tube, with circumferential stress defined as σ θθ = p(t)r(t)/h. The σ θθ stress term represents the average stress along a cross-section of the arterial wall. In this equation, h [cm] is the thickness of the wall, p(t) [mmHg] is the pressure and r(t) [cm] is the radius of the vessel.
Assuming that the axial length and tension on a cross-section are constant and obey Hooke's Law, the circumferential strain is given by e θθ = (σ θθ − vσ rr )/E, where E [mmHg] is Young's modulus and v is Poisson's ratio. Because of the thin wall approximation, σ rr ≪ σ θθ ; hence σ rr can be neglected. Consequently, the strain e θθ is then equal to the change of radius divided by the radius of the unstretched vessel r 0 e θθ = r − r 0 r 0 , which gives
where the cross-sectional area of the artery
The elastic model in Equation (1) can be written in a quasi-static stress-strain form
where the stress is the pressure p(t), and the strain s(t) is a measure of relative change in the crosssectional area, A(t). However, it is well known that the arterial wall possesses a viscoelastic behavior [40] ; thus, we extend the stress-strain relation in Equation (2) combination of springs and a dashpot in a mechanical circuit to represent elastic and viscous components respectively as shown in Fig. 3 . Mathematically, the stress-strain law for this viscoelastic model can be written as
where r 0 is the radius of the unstretched vessel, and s(t) and p(t) are the strain and stress (represented by pressure). In Equation (3), τ ǫ is a relaxation time for the strain and τ σ is a relaxation time for the stress. The two relaxation constants are related to the dashpot and resistors as follows
When solving the viscoelastic model,which has the implicit form
we chose to solve Equation (3) in terms of the strain s(t) as a function of time, pressure history and the parameters in study, i.e.,
The notation p t (·) is defined by
Note that this representation includes the hysteresis effects known to be present in viscoelastic materials.
To solve the viscoelastic model in Equation (3) numerically, it is advantageous to write the model as an integral of the form is given by
From this equation, the area A at time t can then be expressed as a function of the pressure history using the definition for strain s(t) as a function of A(t) introduced in the center of Equation (2). The Kelvin viscoelastic model is preferred over the simpler Maxwell and Voigt models since it is the simplest model that exhibits both creep and stress relaxation. While more advanced models can be considered via a superposition Kelvin units, the approach in this study is to apply the simplest possible model that captures fundamental viscoelastic properties of arterial wall in the analysis of a comprehensive experimental data set for flow-induced viscoelastic arterial wall deformation.
1) Model validation:
The model was validated using experimental data from eleven sheep as described previously. The data include in-vitro pressure and vessel diameter from seven locations along the large arteries. In the following we denote pressure by {p j } and arterial diameters by {d j }, both of these quantities are sampled at times t j at a frequency of 20 Hz. Approximately 10 consecutive cardiac cycles were sampled and analyzed for each sheep. It is important to note that the measured values p j and d j provide information about vessel pressure and diameter, respectively, and the measured cross-sectional area values were obtained by a j = π(d j /2) 2 .
For our modeling study we have chosen to interpolate the measured pressure {p j } and use this interpolation {p(t)} in (7) as a model input to predict cross-sectional area {A(t j )} as a function of the parameters θ via Equations (2) and (7). The Kelvin viscoelastic model in Equation (3) relates vessel strain to vessel stress (pressure), and involves the cross-sectional area via the definition of strain in Equation (2) . This particular definition of strain was obtained such that the Kelvin model reduced to the simpler elastic model when the relaxation times are set to zero. We remark that we could have alternatively expressed the pressure p(t) as a function of the history s t (·) of the strain, leading through Equation (2) to the pressure p(t) at time t as a function of the history A t (·) of the area.
The initial parameter values for Eh in Table I were obtained from Fung's estimates of wall thickness h and Young's modulus E [38] , [39] . It should be noted that in principle E and h are two independent parameters, but in this study we have no data to estimate these separately, thus they have been combined into one parameter. We do not have significant knowledge about the relaxation factors τ σ and τ ǫ . We assumed that they may be an order apart, thus we estimated the same initial values for all locations in the system. Initial values for the final parameter r 0 was estimated for each sheep using an average diastolic diameter from the area measurements.
However, it is known that the morphometry and tissue composition varies significantly among subjects and among the locations in the arterial system. Hence, to obtain "subject" specific parameters we used the nonlinear Nelder-Mead optimization method (a simplex method) to compute parameters that minimize the least squares error between the computed and measured values of cross-sectional area. The least squares error is given by
It is important to note that even though this method is used to solve modeling problems, it is not a proper least squares problem. Our prediction of the cross-sectional area A(t j ) based on the Kelvin viscoelastic model used measured pressure values {p j } as an input. These values {p j } were interpolated and then integrated to obtain values for the first strain, and subsequently provided computed values for crosssectional area A(t j ). In other words, we are integrating nonexact (noisy) pressure values obtained from {p j }, which gives rise to noisy predictions of cross-sectional area {A(t j )}. Typical results of fitting the viscoelastic model to the data using Equation (8) are shown in Fig. 4 and summarized in Table II . From Fig. 4 , it is clear that the viscoelastic model captures the dynamics significantly better than the elastic model. In particular, the difference between the models is emphasized in the graph where area is plotted against pressure, where the data shows a hysteresis loop, a characteristic of a viscoelastic material. Given that the elastic model describes a proportional relationship with no relaxation factors, it yields a straight line response that is unable to exhibit hysteresis. For a numerical representation, refer to Table II that lists the optimized values found for the parameter in study, and Table III for the mean values and standard deviations across the complete dataset. Without further analyzing the model, it is not clear whether it is possible to uniquely identify all the parameters of the model given that pressure is the input for prediction of cross-sectional area. One way to investigate if all four model parameters can be identified is by a sensitivity analysis, which determines if the model parameters are sensitive to changes in cross-sectional area. Sensitivity equations can be obtained using the basic differential equation analysis approach as described by Eslami and Frank [41] , [42] . For the Kelvin model there is only one state A(t, θ) and four parameters denoted by θ = (θ 1 , ..., θ 4 ) = (r 0 , Eh, τ ǫ , τ σ ). In other words, sensitivities (absolute) provide information about the change in the state variable A(t) with respect to each of the four parameters. Mathematically, these absolute sensitivities S j can be defined by
The absolute sensitivities defined above may lead to wrong conclusions regarding the degree of dependence on various parameters. In particular, if the parameters have different orders of magnitude as is the case for Kelvin's viscoelastic model. Therefore, it is important to compute sensitivities that are normalized by the nominal outputs and the parameter values as follows
It is easily seen that the relative sensitivities are invariant of changes in units of A(t) or θ. This allows the comparison of sensitivities across different parameter values. In this study we have only one state variable, namely the cross-sectional area A(t) and four parameters r 0 , Eh, τ ǫ , and τ σ . The cross-sectional area is found as a solution to a differential equation, that can be obtained by rewriting Equation (3) as
where f = Eh r 0 Given the system, four sensitivity equations can be derived for ∂A/∂r 0 , ∂A/∂Eh, ∂A/∂τ ǫ , and ∂A/∂τ σ . To determine these sensitivities ∂A/∂θ j , we differentiate the differential equation with respect to each parameter as d dt
Here, we assumed that the partial derivatives commute. This is guaranteed by Clairaut's theorem, which states that if continuous second partial derivatives exist at a point, they commute at that point. These four sensitivity equations can thus be solved simultaneously with Equation (11) . Using this formulation, the sensitivity equations can be found by
where
The corresponding relative sensitivities are given by
A typical solution (evaluated at the optimized parameter values θ =θ n ) for the relative sensitivity equations is shown in Fig. 5 . Results from this figure shows that the sensitivities are periodic functions that oscillate relative to the periodicity in the data. To rank the sensitivities we used a max norm computing max relative sensitivities asS
For the system of sensitivity equations we obtained:
For sheep 1, these max sensitivities are given by [S(r 0 ) = 2.64;S(Eh) = 0.64;S(τ ǫ ) = 0.087;S(τ σ ) = 0.042]; i.e., the most sensitive parameter with respect to the change in A(t) is r 0 and the least sensitive parameter is τ σ , the stress relaxation constant. Results discussed above all compare the model to the data assuming that the model is valid within one dataset. Another use of the sensitivity analysis is to study and compute the standard errors as a mean of computing confidence intervals for each parameter within a dataset and to be able to predict how well the model perform.
In order to compute standard errors and confidence intervals, we used standard asymptotic theory from statistics. We assumed that each dataset predicting vessel area contains n scalar longitudinal observations, which can be represented by the statistical model where f j is the model for the observations and θ 0 ∈ R M is a set of theoretical true parameter values for r 0 , Eh, τ σ , and τ ǫ . Furthermore, we assumed that measurement errors ǫ j , j = 1, 2, ..., n, are independent identically distributed (i.i.d.) random variables with mean E[ǫ j ] = 0 and constant variance var[ǫ j ] = σ 2 0 , where σ 2 0 is unknown. We consider estimation of parameters using an ordinary least squares (OLS) approach as described above. Thus we seek to use the area data a = {a j } for the observation process {Ã j } with the model to seek a valueθ n that minimizes
This definition differs from Equation (8) where the least squares differences were weighted by 1/n, where n is the number of observations; this only serves to scale the residual values. Under the assumption that state variables and corresponding dynamics used to describe the model are continuously differentiable and certain regularity assumptions on how the observations are made, the standard nonlinear regression approximation theory [43] , [44] , [45] , [46] for asymptotic (as n → ∞) distributions can be invoked. This theory states that the sampling distributionθ n (Ã) for the estimatê θ n , whereÃ = {Ã j } n j=1 , is approximately a M -multivariate Gaussian with mean E[θ n (Ã)] ≈ θ 0 and covariance
Here χ(θ) = F θ (θ) is the n × M sensitivity matrix, which has the form
In other words, for n large, the sampling distribution approximately satisfieŝ
For the viscoelastic model the function f j (θ) is sufficiently simple to derive analytical expressions for the components of ∂A/∂θ. However, θ 0 and σ 0 are not known, hence they must be approximated to
For this we follow standard practice and use the approximation
whereθ n is the parameter estimate obtained, and the approximationσ 2 to σ 2 0 is given by [46] 
Standard errors to be used in confidence intervals calculations are thus given by (see [46] )
which embodies uncertainty in the estimates for n large. Finally, the confidence intervals (at the 100 (1 − α) % level) for the estimated parameters, are given by
for α ∈ [0, 1] and t 1−α/2 ∈ R + . For a 95% confidence intervals, the critical value t 1−α/2 is computed from the Student's t distribution t n−4 with n − 4 degrees of freedom. The value of t 1−α/2 is determined by P {T > t 1−α/2 } = α/2 where T ∼ t n−4 . Given that in the data set n > 40, the degrees of freedom was approximated to ∞. Thus t 1−α/2 ≈ 1.96. Below we have computed confidence intervals using all available data (10 cardiac cycles) from sheep 1. To compute the confidence interval, we used optimized parameters given in Table II . For this dataset the error is
and the variance is
In Fig. 6 we plotted variance as a function of time and as a function of area. Using these values we computed the covariance matrix 
Finally, the confidence computed using Equation (15) gives 
III. RESULTS
As discussed in the previous section our results clearly shows that the viscoelastic model is significantly better than the purely elastic model. The elastic model cannot account for hysteresis which is clearly observed in the data. Results from our statistical analysis and our sensitivity studies indicate that we can identify all model parameters. Hence, we proceed to discuss computational results obtained from the model.
From calculation of p-values (see Table IV ) we observe that it is easy to distinguish the caliber (radius) for each vessel. We used the diastolic diameter as the initial value for the unstretched radius, but this parameter was identified during optimization. Another conclusion we can make is that the ascending aorta, the carotid artery, and the distal descending artery, have significantly different values for Eh than the other arteries. For example, the femoral artery, as well as the medial and proximal descending aorta all have p-values > 0.05. We also observed that the relaxation factors for the more distal femoral and carotid arteries are significantly different from the more proximal vessels. This is reasonable since the latter vessels should be stiffer than the major conduction arteries. Another interesting aspect to study is the notion discussed in most physiology books (e.g., Guyton [40] ) that arteries gets stiffer as they get smaller. While stiffness has been studied using purely elastic models (see e.g. [15] , [16] ), it is not clear how the relative stiffness (i.e., Eh/r 0 ) changes when viscoelastic properties are also considered. Furthermore, results discussed in previous studies were compiled across species and were from a number of different experiments. Given the large dataset presented from sheep, we were able to study how stiffness related to the radius of the artery according to the different locations of the vessel. As shown in Fig. 7 it is clear that our studies in sheep support the notion that the arterial wall stiffness, increases with decreasing vessel diameter. To illustrate this finding we have fit an exponentially decreasing function to the corresponding data. Similar to previous work [16] , [15] , [47] we have used an Equation of the form
Note that for small arteries (the carotid arteries and the femoral arteries) it is not clear how the graph should be weighted (compare solid, dashed, and dotted lines). From physiology it is known that carotid arteries are less stiff than arteries in other parts of the body, hence, the graph likely should be weighted towards points representing the femoral artery (dashed line).
IV. DISCUSSION
The goal of this study was to develop a mathematical model that can be used to analyze experimental pressure-area data and to understand how the associated model parameters vary across the large arteries. The goal was not to develop the most sophisticated model, but to come up with a simple model, which for example, could be incorporated into fluid dynamics models. The next question to address is weather the physical accuracy of the Kelvin viscoelastic model and the associated four model parameters can be predicted with a high level of confidence. In the following we first discuss some experimental considerations and then discuss limitations and further studies from a modeling perspective.
A. Methodological considerations
We studied sheep segments, taking into account the recognized similarity between human and ovine cardiovascular systems [48] . We opted for vascular segments, instead of the most used strips or rings [49] , [50] , since segments were better to reproduce the in vivo hemodynamic conditions, and to preserve the shape and integrity of the vascular wall [33] . The in vitro stretch of the artery segment should be the same with respect to in vivo condition. In our experiment, an arterial segment of 6 cm long was accurately measured with a caliper and marked with two suture stitches. All arteries were excised at the level of the suture stitches and, after vascular removal, were mounted preserving the in vivo length [33] , [34] , [35] .
The technique employed to register pressure and diameter using the in vitro circulation mock has been previously used and validated by members of our group [2] , [31] , [32] , [33] , [34] , [35] . This methodology allows accurate and reproducible pressure and diameter measurements due to the high frequency and linearity of response of both dimension gauges and pressure transducers. The 200 Hz sampling rate used in the digitalization of the data was larger than the highest frequency components in the pressure and diameter spectra, enabling signal reconstruction without distortion.
The arterial wall has a nonlinear and frequency-dependent mechanical behavior [2] , [32] . Hence, although static analysis allow the indirect evaluation of rate or frequency-dependent mechanical properties (e.g., wall viscosity) [49] , [50] , an adequate characterization of the functional meaning and contribution of these properties requires dynamic analysis. Consequently, in order to evaluate the arterial wall mechanical behavior, we performed a dynamic analysis of the arterial wall, submitting the arteries to physiological hemodynamic conditions. On the other hand, taking into account the pressure and frequency rate dependence of the mechanical properties, we performed an isobaric and isofrequency analysis during physiological flow condition for each artery [2] , [32] .
Diameter and pressure signals was conformed and processed using a single analogic electronic system (System VI Triton Technology San Diego California) resulting in no delay between pressure and diameter signals caused by the electronics circuits. Nevertheless, for a correct use of the pressure-area data or the stress-strain loops to calculate the viscous properties, it is essential that both distension and pressure waves should be recorded simultaneously at the same location, because the existence of misalignment (yet of only a few millimeters) strongly affects the shape of the pressure-distension loop. However, as was mentioned previously [37] , and as was performed in previous work by members of our group [31] , [33] , to calculate wall viscoelasticity based on the method described in the article, the diameter signal is shifted to fit the pressure signal foot, to compensate the overestimation in the time delay corresponding to the distance between sensors.
B. Modeling considerations
Results from this study indicates excellent agreement between predictions of our theoretical model and the corresponding experimental data. This was evidenced by improvement of the Kelvin viscoelastic model over the elastic model and, in particular, the incorporation of hysteresis into the wall mechanics which lead to a substantial decrease in the computed least squares error J. Even though the hysteresis loops exhibited by the Kelvin viscoelastic model more accurately represent the pressure-area data, it is clear that the linear assumption in the Kelvin model is limiting, given the clear nonlinear trends in the data. Nevertheless, the results from this study confidently allow us to pursue extended viscoelastic modeling by studying, in greater depth, the viscoelastic properties of the arterial wall and potential variations in model assumptions with vessel site.
Formulating the hysteresis dynamics in Equations (4)- (7) as we did, using part of the data (i.e., {p(t j )}) to reduce the inverse problem involving Equation (8) , and then using standard statistical techniques for error analysis introduces some modeling and statistical inaccuracies of a nontrivial nature. Indeed we have used interpolated data {p j } in evaluating s(t) in Equation (7) so our model in itself contains measurement error of a type not treated in the standard representation given by Equation (14) . This, rather than a simple nonconstant longitudinal variance, is most likely the origin of the somewhat strange "residual versus model" plot shown in Fig. 6 . A more proper formulation of the hysteretic dynamics Equation (4) would be of the form G (A(t), p t (·), θ) = 0,
where A(t), s(t), p(t) are related through Equations (2) and (3). One should then use the data {a j , p j } for A(t), p(t) in a least squares criterion J(θ) = Σ|(a j , p j ) − (A(t j , θ), p(t j , θ))| 2 (17) subject to the constants in Equation (16) . This leads immediately to a nonstandard least squares problem with associated computational challenges as well as statistical questions that we are pursuing in a continuing effort.
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